Holomorphic chains on a Riemann surface arise naturally as fixed points of the natural C * -action on the moduli space of Higgs bundles. In this paper we associate a new quiver bundle to the Hom-complex of two chains, and prove that stability of the chains implies stability of this new quiver bundle. Our approach uses the Hitchin-Kobayashi correspondence for quiver bundles. Moreover, we use our result to give a new proof of a key lemma on chains (due toÁlvarez-Cónsul-García-Prada-Schmitt), which has been important in the study of Higgs bundle moduli; this proof relies on stability and thus avoids the direct use of the chain vortex equations.
Introduction
A holomorphic (m + 1)-chain on a compact Riemann surface X of genus g 2 is a diagram
where each E i is a holomorphic vector bundle and φ i : E i −→ E i−1 is a holomorphic map. Moduli spaces for holomorphic chains have been constructed by Schmitt [18] using GIT and, as is usual for decorated bundles, depend on a stability parameter α = (α 0 , . . . , α m ), where α i ∈ R.
One important application of holomorphic chains stems from the fact that, for a specific value of the stability parameter, their moduli can be identified with fixed loci for the natural C * -action on the moduli space of Higgs bundles. Thus, knowledge of moduli spaces of chains can be used to study the moduli space of Higgs bundles. The basic idea (in the case of rank 2 Higgs bundles) goes back to the seminal paper of Hitchin [13] .
For higher rank Higgs bundles, knowledge of the moduli of chains becomes in itself difficult to come by, and a successful strategy for this has been to study the variation of the moduli of chains under changes in the parameter, using wall crossing arguments. This approach goes back to the work of Thaddeus [19] (used for rank 3 Higgs bundles in [10] ). Recent important examples of the study of wall crossing of chains and applications to moduli of Higgs bundles include the work of García-Prada-Heinloth-Schmitt [9] , García-Prada-Heinloth [8] , and Heinloth (see also BradlowGarcía-Prada-Gothen-Heinloth [7] for an application to U(p, q)-Higgs bundles). We should mention here that recently alternative approaches to the study of the cohomology of Higgs bundle moduli have been highly succesful: see Schiffman [17] , Mozgovoy-Schiffman [15] and Mellit [14] ; also, Maulik-Pixton have announced a proof of a conjecture of Chuang-Diaconescu-Pan [4] which leads to a calculation of the motivic class of the moduli space of twisted Higgs bundles.
All the aforementioned results on chains rely on a key result ofÁlvarez-Cónsul-García-PradaSchmitt [5, Proposition 4.14] which, in particular, is used in estimating codimensions of flip loci under wall crossing. The proof of this result is analytic in nature and relies on the solutions to the
Definitions and basic results
In this section we recall definitions and relevant facts on quiver bundles, from [11] and [2] .
Quiver bundles.
A quiver Q is a directed graph specified by a set of vertices Q 0 , a set of arrows Q 1 and head and tail maps h, t : Q 1 → Q 0 . We shall assume that Q is finite. Definition 2.1. A holomorphic quiver bundle, or simply a Q-bundle, is a pair E = (V, ϕ), where V is a collection of holomorphic vector bundles V i on X, for each i ∈ Q 0 , and ϕ is a collection of morphisms ϕ a : V ta → V ha , for each a ∈ Q 1 .
The notions of Q-subbundles and quotient Q-bundles, as well as simple Q-bundles are defined in the obvious way. The subobjects (0, 0) and E itself are called the trivial subobjects. The type of a Q-bundle E = (V, ϕ) is given by
where rk(V i ) and deg(V i ) are the rank and degree of V i , respectively. We sometimes write rk(E) = rk( V i ) and call it the rank of E. Note that the type is independent of ϕ.
2.2.
Stability. Fix a tuple α = (α i ) ∈ R |Q 0 | of real numbers. For a non-zero Q-bundle E = (V, ϕ), the associated α-slope is defined as
. An α-polystable Q-bundle is a finite direct sum of α-stable Q-bundles, all of them with the same α-slope. A Q-bundle E is strictly α-semistable if there is a non-trivial subobject F ⊂ E such that µ α (F) = µ α (E).
Remark 2.3. In fact, the most general stability condition for quiver bundles involves additional parameters, see [5] . Since α is the parameter which has been used in the literature for the study of moduli of chains via wall crossing, we confine ourselves to considering this parameter.
2.3.
The gauge theory equations. Let E = (V, ϕ) be a Q-bundle on X. A Hermitian metric on E is a collection H of Hermitian metrics H i on V i , for each i ∈ Q 0 . To define the gauge equations on E, we note that ϕ a : V ta → V ha has a smooth adjoint morphism ϕ * a : V ha → V ta with respect to the Hermitian metrics H ta on V ta and H ha on V ha , for each a ∈ Q 1 , so it makes sense to consider the compositions ϕ a • ϕ * a and ϕ * a • ϕ a . Let α be the stability parameter. Define τ to be the vector of real numbers τ i given by
Since the stability condition does not change under a global translation α can be recovered from τ as follows
is the curvature of the Chern connection associated to the metric H i on the holomorphic vector bundle V i , and Λ :
is the contraction operator with respect to a fixed Kähler form ω on X.
The following is the Hitchin-Kobayashi correspondence between the twisted quiver vortex equations and the stability condition for holomorphic twisted quiver bundles, given byÁlvarez-Cónsul and García-Prada [2, Theorem 3.1]: Theorem 2.5. A holomorphic Q-bundle E is α-polystable if and only if it admits a Hermitian metric H satisfying the quiver τ -vortex equations (2.2), where α and τ are related by (2.1).
Note that the definitions and facts can be specialized for holomorphic chains.
2.4. The Hom-complex for chains. Fix two holomorphic chains C ′′ and C ′ , given by
Consider the following two terms complex of sheaves
and the map d is defined by
The complex H • (C ′′ , C ′ ) is called the Hom-complex. It governs the homological algebra of chains; in particular H • (C, C) is the deformation complex of a chain C.
The extended Hom-quiver
Here we introduce a Q-bundle, associated to two chains, and show that solutions to the vortex equations on the holomorphic chains produce a solution on the corresponding quiver bundle. The basic idea is the following: to the chains C ′′ and C ′ we associate the vector bundles E ′′ and E ′ , obtained as the direct sum of the individual bundles in the chains. The quiver bundle structure on the chains then induces a natural quiver bundle structure on the bundle Hom(E ′′ , E ′ ). Thus our construction can be seen as a kind of extension of structure group and it becomes natural to expect that a solution to the vortex equations on the chains should give a solution on the induced quiver bundle. Indeed, this is exactly the content of our Lemma 3.2 below. This in turn implies the main result of this section, Theorem 3.3, which says thatH(C ′′ , C ′ ) is (poly)stable for suitable values of the parameter.
We note that, since there are algebraic proofs of results saying that stability is preserved under extension of structure group (in the setting of principal bundles by Ramanan-Ramanathan [16] and for Hitchin pairs by Balaji-Parameswaran [3] ) this might indicate the possibility of an algebraic proof of our result as well, though we do not pursue this possibility here.
We also point out that one might attempt to generalize our construction to more general quiver bundles than chains; see [12, Section 4.2] for the case of U(p, q)-Higgs bundles.
Definition 3.1. Let C ′ and C ′′ be chains of length m. The extended Hom-quiverH(C ′′ , C ′ ) is a quiver bundle defined as follows:
• For each (i, j) with 0 i, j m, there is a vertex to which we associate the bundle
In other words,H(C ′′ , C ′ ) is defined by associating to (E
) the bundle Hom(E ′′ , E ′ ) and the map
and then taking the quiver bundle induced from the splitting Hom(E ′′ , E ′ ) = i,j Hom(E ′′ i , E ′ j ). We can picture this construction as follows:
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Note that if we take the direct sums of the middle two columns
we obtain the Hom-complex of the chains C ′′ and C ′ , defined in (2.3). Proof. To show that the induced Hermitian metric satisfies the equation at Hom(E ′′ i , E ′ j ) of weight k, for −m k m, first recall that we have the following identity of curvature operators:
Also, the vortex equations for C ′ and C ′′ are
Now, considering the quiverH(C ′′ , C ′ ) at Hom(E ′′ i , E ′ j ) we have
where for ease of notation we have written
Hence, using the vortex equations for C ′ and C ′′ and the above identity of curvature operators, we have for f ∈ Hom(E ′′ i+k , E ′ i ):
f. This finishes the proof. 
Proof. Since the holomorphic chains C ′ and C ′′ are α ′ -and α ′′ -polystable, it follows from Proposition 2.5 that both the (τ ′ 0 , . . . , τ ′ m )-and the (τ ′′ 0 , . . . , τ ′′ m )-vortex equations have a solution. Then, by Lemma 3.2 the extended Hom-quiverH(C ′′ , C ′ ) satisfies the quiver (τ ′ j − τ ′′ i )-vortex equations and therefore the Hitchin-Kobayashi correspondence implies thatH(C ′′ , C ′ ) is α-polystable for
Application to wall crossing for chains
As an application of Theorem 3.3 we give a simplified and more conceptual proof of a result ofÁlvarez-Cónsul, García-Prada and Schmitt in [5] , showing how it follows from stability of the quiver bundle (4.1). This result is a key ingredient in wall crossing arguments for holomorphic chains, which have had a number of important applications lately as explained in the introduction. First we state a particular case of our main theorem which will be used in the proof.
If we take α = α ′ = α ′′ in Theorem 3.3, then the stability parameter at every vertex in the middle column of (3.1) isα ii = α m + α i − α i = α m . Hence we can collapse the central column in the quiver into a single vertex, to which we associate the direct sum of the corresponding bundles and obtain the following quiver bundle: (4.1)
and therefore
which gives (4.3).
